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ABSTRACT

For last three decades applications of beta operators in the area of approximation theory is an
active area of research. In the present paper, we obtain asymptotic formula for modified beta
operators in linear simultaneous approximation. To establish our result, we have used the

technique of linear approximating method, namely, Steklov mean.
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1. Introduction

In approximation theory, beta operators have been studied for last three decades. Beta operators
were introduced and studied by several researchers [1, 2, 4, 5, 9, 10]. In the present paper we
study an asymptotic formula in simultaneous approximation for the linear combinations of the
operators introduced by Gupta et al. [3]. The modified beta operators introduced by Gupta et al.

[3] are defined as

B, (f,x)= Twn ot f)dt X & [0,0) (1.1)
where
1 S 1 v-1 —n-v-1
Wn(X’t) :m;bn,v(x)bn,v(t) ’ bn,v (t) :mt (1+t)

and B(v,n+1) =(v-1)!Inl/(n+v)! the Beta function.

It is easily checked that the operators defined by (1.1) are linear positive operators and it is
obvious that B, (1,x) =1. Also it is observed that the order of approximation by operators (1.1)
is, at best O(n), howsoever smooth the function may be. Thus, to improve the order of
approximation we may consider some combinations of the operators (1.1). One approach to
improve the order of approximation is the iterative combinations due to Micchelli [7], who
improved the order of approximation of Bernstein polynomials. However, we cannot apply this
approach to the operators (1.1) because for these operators (1.1), we not have B, (t—x,x) =0,
which is essential property for making iterative combinations. Yet another approach for
improving the order of approximation is the technique of linear combinations which was first
considered by May [6] to improve the order of approximation for exponential type operators. In

the present paper, we use the later approach, which described as:

Let do, di, dp... dx be (k+1) arbitrary but fixed distinct positive integers. Then the linear
combination B, (f,k,x) of By ,(f,x) ,j=0,1,2...nis defined as
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By (f.X) dgt dg® e d,"
. By (f,x) df di? d,*
B,(f K,X) == iiiririnrs e e 1.2
n ( ) A (1.2)
Byn(f.,X) df d® e d*
1 dt dg? e d,*
1 dt d? s d,*
where A=l o e
1 d} d? e d*

The above expression (1.2) after simplification may be written as

Kk
B,(f.k,X)=Y"C(j.k)By,(f.X) (1.3)
j=0
h k 79, k d
where C( j,k) = , 0 and C(0,0)=1.
(i.k) E[d,-—di # (0.0

i#]

Some basic properties of b, (x) are as follows

T v(v+1)
| t?b,, () dt = 1.4
() [0y, 0 dt= T (L4)
(iD). by, () = (N+1) (L5)
v=1
(iii). S vb,,(X) = (N+ DL+ (n+2)x]
v=1
(1.6)
(iv). ivz by, (X) = (N +D[L+3(n+2)x + (N +2)(n + 3)x*] (1.7)
v=1
(V). x(1+x)b;, (x) =[(v-1) - (n+2)x]b, , (x) (1.8)
where ne N and x €[0,).
Throughout this paper, we may assume that 0 <a, <a, <a, <h, <b, <b, <o and
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I, =[a;,b,]wherei=1, 2, 3.
Let H[O,x) be the class of all measurable functions defined on [0, «) satisfying

f Lo

L™ dt <o for some positive integer n.

0

Obviously the class H[0,x)is bigger than the class of all lebesgue integrable functions on
[0,0) . Therefore the operators (1.1) may be applicable for studying a larger class.

The main object of the present paper is to study a Voronovskaja-type asymptotic formula in

simultaneous approximation for linear combinations of the operators (1.1).

2. AUXILIARY RESULTS

To prove our main results, we shall require the following preliminary results:

Lemma 2.1. For m e N°(the set of non-negative integers) and n>m, let the function s, , (x) be

defined as
m 1 - K m
Han 00 = (Bo =07 )= 310, (0 by (00 -7k

2x+1 , and there holds the recurrence relation

Then /’ln,O (X) = 11 :un,l(x) =

(n - m) :un,m+1(x) = X(1+ X)[:urllm (X) + 2rn/un,m—l(x)] + (m + 1)(1+ 2X):un,m (X) .

Moreover, we have the following consequences about z, ., (X) :
(i). 4, ,(X) is a polynomial in x of degree m,
(ii). for every x[0,) , 4, (x) =O(n (™)

where [ « ] denotes the integral part of « .

Consequently, on using Holder’s inequality, we have from this recurrence relation that
Bn(|t— X', x ): O(n‘”z) for each r >0 and for every fixed x [0, ) .
Proof. Since u, . (X) =B, ((t -x)", x), therefore, using linearity property, we have

oo (X) =B, ((t —-x)?, x): B,(1Lx)=1 and
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1+2x

#02(%) = B, ((t = %), X) = B, (t, %) — XB, (LX) =
To prove the recurrence relation we shall make the use of the following identity
X(L+ )by, () = [(v=1) = (n+2)x]b, , (X)

Now, we have

/ _ 1 c / T . m
x(1+x>un,m(x)——(n+1) x(1+x)bn,v(x)£ b, ()(t—Xx)"dt

(n 1-—1) i X(1+ X)bn,v (X)Tbn,v (t)(t _ X) -1t

—m
or

X(L+ XL () + Mty (0] = o S [ =1) = (1-+ 2, (%) [ By, (O - )"

Lt
(n+1) <

- 1)anv(x)J [(v—1) - (n+2)t+ (n + 2)(t - X)Ib,,, (D)(t - x)"dt

Ll)ibn,xxﬁt(ut)bé,v(txt— ROt + (1 + 2) 1,1 (6)

(n )2 an V(X)I[(t —X)? + (L4 2x)(t = X) + XL+ X)] b}, (A)(t = x)™dt + (N + 2) 22, 1.1 (X)

= g 2 00 00t (S b, (0 (00t

x(1+ X) & /
ILEC )jb o (O =3)"dt+ (1+2) 1,4 (X)

= _(m + 2)/“n,m+1 (X) - (m +1)(1+ 2X)1un,m (X) - mX(l+ X)lun,m—l (X) + (n + 2)lun,m+1(x)

Thus, we get the required recurrence relation
(0= M) .0 (X) = (M+D L+ 2X) 1 1 (X) + X @+ X) Lt 0 (X) +2Mpt 4 (X)]

The other consequences follow easily from the above recurrence relation.
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Lemma 2.2. For me N and sufficiently largene N, there holds the following recurrence

relation
B, ((t—%)" K, x)=n"*?[Q(m,k,x)+0(1) ]

where Q(m, Kk, x) is a certain polynomial in x of degree m and x [0, ) is arbitrary but fixed.

Proof. Using Lemma 2.1, for sufficiently large n, we can write

m 0o (X) a, (X) 27 (X)
Bn((t—X) ,X): n[(r?1+1)/2] n[(ml+l)/2]+1 ot n" e

where g;(x), i=0, 1,2, 3, ... are certain polynomials in x of degree at most m.

Now, we have

[ TGO A e +j T

[(m+1)/2] [(m+D)/2]+1 ' *r
d,n d,n

[ W), %) +j a0 4 L d

[(m+1)/2] [(mid)/2]+1
m@-@ﬂ&@:% d,n d,n
[ W) G +J a0 4 . d

[(m+1)/2] [(m+1)/2]+1 © ***
d.n d.n

=n"®M[Q(m,k,x)+0(1) ] , for each fixed x €[0,0) .

This completes the proof of the Lemma 2.2.

Lemma 2.3. For me N?, if the m™ order moment for the operators (1.1) be defined as

1 g v-1 \"
U n,m (X) = m - bn,v (X)(m - X) ’

then, we have U ,(x) =1,U,(x) =0 and there holds the recurrence relation
(n + 2)Un,m+1(x) = X(l+ X)[U rﬁ,m (X) + mUn,m—l(X)] .
Consequently, for each x € [0,) , we have from this relation that

U, (x) = O(nf[(m+l)/2] ),
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where [ « ] denotes the integral part of « .

Proof. Using the definition of U, (X) and basic properties of b , (X), we obtain
U,o(x)=1 and U, ,(x)=0.

Now, we have

B T . =
X(L+X)U;  (X) = D V2:1:x(1+ X) b,w(x)(nJr2 xj

1 v-1 ™
—X(1+x) 02D VZ_llbnyv(x)m(m— xj

Thus using basic properties of b, (x), we get

UL 0 1m0, 0= -0 1+ 2o, (9] 2 -xjm

(n+) < n+2
~ (n+2) . V_—l_ m+1
~ (n+)) Vz_l“b”‘v(x)(mrz Xj
=(N+2U, ;.. (x)

This completes the proof of the recurrence relation.

The other consequence follows easily from the recurrence relation.

Lemma 2.4([8]). There exist the polynomials Q; ;. (x) independent of nand v such that

[x@+x)]' Db, ()= 3(n+2)'[(v-1)~(n+2)x]'Q; ;, ()b, , (X).
%

where D is the ' order differentiation operator.

Lemma25. IfC(j, k), j=0,1,2, ..., kare defined as in (1.3), then we have

k 1 for m=0
_ 0 for m=12,..k

j=0

C(Lmd;mz{

Proof. From relations (1.2) and (1.3) we get
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d,™ dyt dg? d,* 1 dt d)? e d,*
) d,™ dt d? o d,* 1 d* d? o, d,*
DCKA™=] e e e e
j=0
d,™ dt d? o d* 1 dr d? e, d.*

which implies that

k
> c(jkydm =

{ 1 for m=0
j=0

0 for m=12,..k’

3. LINEAR SIMULTANEOUS APPROXIMATION
Now we begin to prove the main results of this section, namely, VVoronovskaja-type asymptotic

formula.

Theorem: Letr € N . If the function f e H[0,)is bounded on every finite subinterval of [0, )
admitting a derivative of order (2k+r+2) at a fixed pointx e (0,), satisfying f(t)=0(t")as

t — oo for somey >0, then we have

|' 2k+r+2 .
™ B (f k- FOM]= S FOX)Q(.kKT,X) (3.1)
n— o i=r+l
Ilm k+1 r r
and N“BO(f .k +1,x)— O (x)]=0, (3.2)
n— oo

where Q(i,k, r,x) are certain polynomials in x.

Moreover, if @2 exists and is continuous on (a—A,b+A) c (0,0) where A >0, then (3.1)

and (3.2) hold uniformly on[a,b].

Proof. Since f ®*™*?exists at x e (0,0), therefore by Taylor’s expansion of f (t) , we have

2k+r+2 £ (i) )
fe)= > f i!(x)(t—x)'+g(t,x)(t—x)2k+r+2

i=0

where &(t,x) > 0as t — x and &(t, x) =O((t—x)7) ast—oo.

Using linearity of B (-, k, x), relation (1.3) and the above expansion of f (t), we get
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PIBY (F 0.k, x)— £ (] = n[Z—f 209 B0 (e ' o) £ (x)}

i-0 !

d;nyv

k
+ETYC(j k)
j=0 (dj

=J1+J, (say)
Using Lemma 2.2, we obtain

djn,v (t) g(t, X) (t — X)2k+r+2 dt
0

‘]1 _ nk+1|:2k+zrjr2 f(l)(x) B(r) (( —X)i,k,X)— f(r)(X)

i=0 i!

:nk*{f(r)(x)jkiﬂ f ':!(X) D (n“[Q(,k,x)+0(1) ] )- f“’(x)}

i=r+l

2k+r+2

= > £900Q(,k,r,x)+0(1)

i=r+1

In order to prove assertion (3.1), it is enough to show that J, — 0asn — oo.

[
I

(r) 2k+r+2
Let 4 =N (n 1)Zb (x)jbnv(t)g(t X)(t — x) 22 dt .

Then, using Lemma 2.4 and Schwarz inequality for summation, we obtain

‘Q ijr (X
[X@+x)]

|J21|<nk+lz n+2)
v=l 2I+]<I’ (n 1)

i,j>0

T (v=1) - (n+2)x|’ b,.., (X)

% Tb,, (O] e(tx)| [t—x[*dt
0

<n“ic(x) Y (n+2)'s Z|(v )—(n+2)x|’ bnv(x)jbnv(t)|g(t X)| [t—x""dt

2i+j<r (
i,j>0

< nk+1C(X) Z(n + z)l(ﬁg[(v—l) —(n + Z)X ]21 bn,V (X)]

2i+j<r
i,j>0

((n l)zbnv(x)|:‘|‘bnv(t)|g(t X)| |t— |2k+r+2 :| } |
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sup sup | Qi
h CO)=.. Iniriiady
WHeETe C) =204 j<r xefab] xasoT
i j>0

Since &(t,x) > 0as t — x , therefore , for a given & > 0 there exists a ¢ > 0such that

| &(t, X)| <& whenever 0<|[t—X/<&.

Also, since &(t, x) = O((t -X)’ ) therefore there exists a positive constant C; such that
|e(t,x)|=C,|t—x" forall [t—x|>5.

Now applying Schwarz inequality for integration and Lemma 2.1, we have

anxx){j b,,, ()] (t, )] [t-X"""* }

< - ibn,v (X) Tbn,v (t) dtj (Tbn,v (t) [E(t,X)]Z( t—X)4k+2r+4dtJ

() F

: ibn,v (X) .[ + I J bn,v (t) [E(t, X)] 2( t— X)4k+2r+4 dt

(n+1) v=l [t-X|<6 |t-x26

(n+1)zb”“(x){ [or @ (E=x" " dt+C} [b,, (10" dtj

[t-x|<& [t-x[25

% C2 0
b X 2 b ) (t=x 4k+2r+4dt+—l b ) (t — x 2th
(n +1) Z nyv ( )( '(l; nyv ( ) ( ) 52q—(4k+2r+27+4) '(l). nyv ( ) ( ) J

— SZO(n_(2k+r+2) )+ Czo(n—q) ’
where q is a positive constant and the constant C,is dependenton q,k,r,5 and y .

Next using Lemma 2.3, we get

|J21|£ NI (x) Z(n+2)i+jo(n—j/2)[g2o(n—(2k+r+2))+ Czo(n—q)]llz
2i+j<r
i,j20

—c(x) zo(n(2i+j+2k+2)/2)[82O(n—(2k+r+2) )+ CZO(n_q)]m
2itjsr
i,j20

<C (X)O(n(2k+r+2)/2 )[gzo(n—(2k+r+2) )+ C,0(n™ )]1/2
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—Cc(x)[e?0@)+C,0n* [ =c(x) £0(),
where ¢ is chosen to be greater than 2k +r + 2.

Thus, due to arbitrariness of ¢ >0and by Lemma 2.5 it follows that J, —0asn — oo.

Finally collecting the estimates of J; and J;, assertion (3.1) follows.

The assertion (3.2) can be proved easily in a similar manner noticing the fact that
B, ((t—x)‘,k+1, x):O(n“‘“z)) fori=12, ..
The last uniformity assertion follows from the fact that &(¢) in the proof of the assertion
(3.1) can chosen to be independent of x [a,b] and rest of the estimates hold uniformly on[a,b].

This completes the proof of the theorem.
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